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THE GEOMETRICAL INFORMATION ENCODED BY THE EULER
OBSTRUCTION OF A MAP
NIVALDO G. GRULHA JR., CAMILA RUIZ AND HELLEN SANTANA
Dedicated to Jean-Paul Brasselet on the occasion of his 75th birthday.
Abstract. In this work we investigate the topological information captured by
the Euler obstruction of a map, f : (X, 0) → (C2, 0), with (X, 0) a germ of a com-
plex d-equidimensional singular space, with d > 2, and its relation with the local
Euler obstruction of the coordinate functions and, consequently, with the Bras-
selet number. Nevertheless, under some technical conditions on the departure
variety we relate the Chern number of a special collection related to the map-
germ f at the origin with the number of cusps of a generic perturbation of f on a
stabilization of (X, f).
Introduction
The Euler obstruction of a map, defined by Grulha [13], and the Chern number
of collections of forms, defined by Ebeling and Gusein-Zade [10], were defined in
the first decade of the 21st century and, in [1], Brasselet, Grulha and Ruas related
these two invariants. The Euler obstruction of a map is a generalization of the
Euler obstruction of a function, defined in [3], which is a generalization of the
local Euler obstruction, defined by MacPherson, in [17], as a tool to prove the
conjecture about the existence and unicity of Chern classes in the singular case.
The Chern number of collections of forms has the same roots, however it has
traveled a different trajectory and is another way to present a generalization of
the local Euler obstruction. In [11], Gaffney and Grulha present an algebraic
treatment to study the Chern number.
In [6], Dutertre and Grulha defined another generalization of the local Euler
obstruction called the Brasselet number. They proved that this invariant incode
geometrical information of a function defined on a singular variety. Also, with
the enhancements on these results given by Santana in [23], we investigate the
topology of the map with wide generality for its choice.
Since the Euler obstruction of a function-germ g at the origin gives important
topological information about g, more precisely, it counts the number of Morse
points, on the regular part of X, of a generic perturbation of g, then the natural
question has rise: which kind of topological information could be encoded inside
the Euler obstruction of a map and how this invariant is related with the Euler
obstruction of the coordinate functions of f.
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The Euler obstruction of a function can be seen as a generalization of the Mil-
nor number of a function germ with isolated singularities, defined in [5]. But this
invariant is also well defined for complete intersections with isolated singularities
[14], and even in the determinantal case [22, 21]. In [26], Teissier define a special
sequence, called µ∗ sequence, where the information is given by an ordered col-
lection of Milnor number of “slices” of the original hypersurface. The µ∗ sequence
is very important in equisingularity theory, and based on this motivation, we can
predicted that a similar sequence of Euler obstruction of a map and the Euler
obstructions of the coordinate functions can be useful to study equisigularity in
situations that the Milnor number is not defined.
In this paper we relate all these invariantes and present geometrical information
that are captured by the Euler obstruction of a map, and the Chern number, in
the context of an application f : (X, 0)→ (C2, 0).
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1. Local Euler obstruction and and generalizations
In this section, we recall the definition of the local Euler obstruction, the
Euler obstruction of a function and the Brasselet number, both generalizations of
the local Euler obstruction. The main references for this section are [19, 17, 6, 24].
Let (X, 0) ⊂ (Cn, 0) be an equidimensional reduced complex analytic germ
of dimension d in a open set U ⊂ Cn. Consider a complex analytic Whitney
stratification {Vλ} of U adapted to X such that {0} is a stratum. We choose a small
representative of (X, 0), denoted by X, such that 0 belongs to the closure of all
strata. We write X = ∪qi=0Vi, where V0 = {0} and Vq denotes the regular part
Xreg of X. We suppose that V0, V1, . . . , Vq−1 are connected and that the analytic
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sets V0, V1, . . . , Vq are reduced. We write di = dim(Vi), i ∈ {1, . . . , q}. Note that
dq = d.
Let G(d,n) be the Grassmannian manifold, x ∈ Xreg and consider the Gauss
map φ : Xreg → U×G(d,n) given by x 7→ (x, Tx(Xreg)).
Definition 1.1. The closure of the image of the Gauss map φ in U × G(d,n), denoted
by X˜, is called Nash modification of X. It is a complex analytic space endowed with a
holomorphic projection map ν : X˜→ X.
Consider the extension of the tautological bundle T over U × G(d,n). Since
X˜ ⊂ U×G(d,n), we consider T˜ the restriction of T to X˜, called the Nash bundle,
and π : T˜ → X˜ the projection of this bundle.
In this context, denoting by ϕ the natural projection of U × G(d,n) at U, we
have the following diagram:
T˜
π

// T

X˜
ν

// U×G(d,n)
ϕ

X // U ⊆ Cn
Adding the stratum U\Xwe obtain a Whitney stratification of U. Let us denote
the restriction to X of the tangent bundle of U by TU|X. We know that a stratified
vector field v on X means a continuous section of TU|X such that if x ∈ Vi ∩X then
v(x) ∈ Tx(Vi). From Whitney’s condition (a), one has the following lemma.
Lemma 1.2. [4]. Every stratified vector field v, non-null on a subset A ⊂ X, has a
canonical lifting to a non-null section v˜ of the Nash bundle T˜ over ν−1(A) ⊂ X˜.
Now consider a stratified radial vector field v(x) in a neighborhood of {0} in X,
i.e., there is ε0 such that for every 0 < ε ≤ ε0, v(x) is pointing outwards the ball
Bε over the boundary Sε := ∂Bε.
The following interpretation of the local Euler obstruction has been given by
Brasselet and Schwartz in [4]. As said before, the original definition is presented
in [17].
Definition 1.3. Let v be a radial vector field on X∩Sε and v˜ the lifting of v on ν
−1(X∩Sε)
to a section of the Nash bundle. The local Euler obstruction (or simply the Euler
obstruction) EuX(0) is defined to be the obstruction to extending v˜ as a nowhere zero
section of T˜ over ν−1(X ∩ Bε).
More precisely, let O(v˜) ∈ H2d(ν−1(X ∩ Bε), ν
−1(X ∩ Sε),Z) be the obstruction
cocycle to extending v˜ as a nowhere zero section of T˜ inside ν−1(X ∩ Bε). The
local Euler obstruction EuX(0) is defined as the evaluation of the cocycle O(v˜) on
the fundamental class of the pair [ν−1(X ∩ Bε), ν
−1(X ∩ Sε)] and therefore it is an
integer.
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In [2], Brasselet, Leˆ and Seade proved a formula to make the calculation of the
Euler obstruction easier.
Theorem 1.4. (Theorem 3.1 of [2]) Let (X, 0) and V be given as before, then for each
generic linear form l, there exists ε0 such that for any ε with 0 < ε < ε0 and δ 6= 0
sufficiently small, the Euler obstruction of (X, 0) is equal to
EuX(0) =
q∑
i=1
χ(Vi ∩ Bε ∩ l
−1(δ)).EuX(Vi),
where χ is the Euler characteristic, EuX(Vi) is the Euler obstruction of X at a point of
Vi, i = 1, . . . , q and 0 < |δ|≪ ε≪ 1.
Let us give the definition of another invariant introduced by Brasselet, Massey,
Parameswaran and Seade in [3]. Let f : X → C be a holomorphic function with
isolated singularity at the origin given by the restriction of a holomorphic function
F : U → C and denote by ∇F(x) the conjugate of the gradient vector field of F at
x ∈ U,
∇F(x) :=
(
∂F
∂x1
, . . . ,
∂F
∂xn
)
.
Since f has an isolated singularity at the origin, for all x ∈ X \ {0}, the projection
ζ^i(x) of ∇F(x) over Tx(Vi(x)) is nonzero, where Vi(x) is a stratum containing x.
Using this projection, the authors constructed, in [3], a stratified vector field on X,
denoted by ∇f(x). Let ζ˜ be the lifting of ∇f(x) as a section of the Nash bundle T˜
over X˜, without singularity on ν−1(X ∩ Sε).
LetO(ζ˜) ∈ H2n(ν−1(X∩Bε), ν−1(X∩Sε)) be the obstruction cocycle for extending
ζ˜ as a non zero section of T˜ inside ν−1(X ∩ Bε).
Definition 1.5. The local Euler obstruction of the function f, Euf,X(0) is the evalua-
tion of O(ζ˜) on the fundamental class [ν−1(X ∩ Bε), ν
−1(X ∩ Sε)].
For an equivalent definition of the Euler obstruction of a function using forms
one can see [7].
The next theorem compares the Euler obstruction of a space X with the Euler
obstruction of function defined on X.
Theorem 1.6. (Theorem 3.1 of [3]) Let (X, 0) and V be given as before and let
f : (X, 0) → (C, 0) be a function with an isolated singularity at 0. For 0 < |δ|≪ ε≪ 1,
we have
Euf,X(0) = EuX(0) −
q∑
i=1
χ(Vi ∩ Bε ∩ f
−1(δ)).EuX(Vi).
Let us recall some important definitions. Let V = {Vλ} be a stratification of a
reduced complex analytic space X.
Definition 1.7. Let p be a point in a stratum Vβ of V. A degenerate tangent plane of
V at p is an element T of some Grassmanian manifold such that T = lim
pi→p
TpiVα, where
pi ∈ Vα, Vα 6= Vβ.
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Definition 1.8. Let (X, 0) ⊂ (U, 0) be a germ of complex analytic space in Cn equipped
with a Whitney stratification and let f : (X, 0)→ (C, 0) be a holomorphic function, given
by the restriction of a holomorphic function F : (U, 0) → (C, 0). Then 0 is said to be
a generic point of f if the hyperplane Ker(d0F) is transverse in Cn to all degenerate
tangent planes of the Whitney stratification at 0.
Now, let us see the definition of a Morsefication of a function.
Definition 1.9. Let {V0, V1, . . . , Vq}, with 0 ∈ V0, a Whitney stratification of the com-
plex analytic space X. A function f : (X, 0) → (C, 0) is said to be Morse stratified if
dimV0 ≥ 1, f|V0 : V0 → C has a Morse point at 0 and 0 is a generic point of f with
respect to Vi, for all i 6= 0.
A stratified Morsefication of a germ of holomorphic function f : (X, 0)→ (C, 0)
is a perturbation f˜ of f such that f˜ is Morse stratified.
In [25], Seade, Tiba˘r and Verjovsky proved that the Euler obstruction of a func-
tion f is also related to the number of Morse critical points of a stratified Morsefi-
cation of f.
Proposition 1.10. (Proposition 2.3 of [25]) Let f : (X, 0)→ (C, 0) be a germ of holomor-
phic function with isolated singularity at the origin. Then,
Euf,X(0) = (−1)
dnreg,
where nreg is the number of Morse points in Xreg in a stratified Morsefication of f.
Let X be a reduced complex analytic space (not necessarily equidimensional) of
dimension d in an open set U ⊆ Cn and let f : (X, 0) → (C, 0) be a holomorphic
map. We write V(f) = f−1(0).
Definition 1.11. A good stratification of X relative to f is a stratification V of X
which is adapted to V(f) such that {Vλ ∈ V, Vλ * V(f)} is a Whitney stratification of
X \ V(f) and such that for any pair (Vλ, Vγ) such that Vλ * V(f) and Vγ ⊆ V(f), the
(af)-Thom condition is satisfied, that is, if p ∈ Vγ and pi ∈ Vλ are such that pi → p and
TpiV(f|Vλ − f|Vλ(pi)) converges to some T , then TpVγ ⊆ T .
Let V be a good stratification of X relative to f.
Definition 1.12. The critical locus of f relative to V , ΣVf, is given by the union
ΣVf =
⋃
Vλ∈V
Σ(f|Vλ).
Definition 1.13. If V = {Vλ} is a stratification of X, the relative polar variety of f
and g with respect to V , denoted by Γf,g(V), is the the union ∪λΓf,g(Vλ), where Γf,g(Vλ)
denotes the closure in X of the critical locus of (f, g)|Vλ\Xf , where X
f = X ∩ {f = 0}.
Definition 1.14. If V = {Vλ} is a stratification of X, the symmetric relative polar
variety of f and g with respect to V , Γ˜f,g(V), is the union ∪λΓ˜f,g(Vλ), where Γf,g(Vλ)
denotes the closure in X of the critical locus of (f, g)|Vλ\(Xf∪Xg), X
f = X ∩ {f = 0} and
Xg = X ∩ {g = 0}.
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Definition 1.15. Let V be a good stratification of X relative to a function f : (X, 0) →
(C, 0). A function g : (X, 0) → (C, 0) is prepolar with respect to V at the origin if
the origin is a stratified isolated critical point, that is, 0 is an isolated point of ΣVg.
Definition 1.16. A function g : (X, 0)→ (C, 0) is tractable at the origin with respect
to a good stratification V of X relative to f : (X, 0) → (C, 0) if dim0 Γ˜ 1f,g(V) ≤ 1
and, for all strata Vα ⊆ X
f, g|Vα has no critical point in a neighbourhood of the origin
except perhaps at the origin itself.
We recall the definition of the Brasselet number introduced by Dutertre and
Grulha [6]. Let f : (X, 0) → (C, 0) be a germ of holomorphic function, X a
suficiently small representative of the germ, and let V be a good stratification
of X relative to f. We denote by V1, . . . , Vq the strata of V that are not con-
tained in {f = 0} and we assume that V1, . . . , Vq−1 are connected and that Vq =
Xreg \ {f = 0}. Note that Vq could be not connected.
Definition 1.17. Suppose that X is equidimensional. Let V be a good stratification of X
relative to f. The Brasselet number of f at the origin, Bf,X(0), is defined by
Bf,X(0) =
∑q
i=1 χ(Vi ∩ f
−1(δ) ∩ Bε)EuX(Vi),
where 0 < |δ|≪ ε≪ 1.
Remark: If V iq is a connected component of Vq, EuX(V
i
q) = 1.
Notice that if f has a stratified isolated singularity at the origin, then
Bf,X(0) = EuX(0) − Euf,X(0) (see Theorem 1.6).
In [6], Dutertre and Grulha proved interesting formulas describing the topolog-
ical relation between the Brasselet number and a number of certain critical points
of a special type of perturbation of functions. Let us now present some of these
results. First we need the definition of a special type of Morsefication, introduced
by Dutertre and Grulha.
Definition 1.18. A partial Morsefication of g : f−1(δ) ∩ X ∩ Bε → C is a function
g˜ : f−1(δ) ∩ X ∩ Bε → C (not necessarily holomorphic) which is a local Morsefication of
all isolated critical points of g in f−1(δ) ∩ X ∩ {g 6= 0} ∩ Bε and which coincides with g
outside a small neighborhood of these critical points.
Let g : (X, 0) → (C, 0) be a holomorphic function which is tractable at the
origin with respect to V relative to f. Then Γ˜f,g is a complex analytic curve and
for 0 < |δ| ≪ 1 the critical points of g|f−1(δ)∩X in Bε lying outside {g = 0} are
isolated. Let g˜ be a partial Morsefication of g : f−1(δ) ∩ X ∩ Bε → C and, for each
i ∈ {1, . . . , q}, let ni be the number of stratified Morse critical points of g˜ appearing
on Vi ∩ f
−1(δ) ∩ {g 6= 0} ∩ Bε.
Theorem 1.19. (Corollary 4.3 of [6]) Suppose that X is equidimensional and that g is
tractable at the origin with respect to V relative to f. For 0 < |δ|≪ ε≪ 1, we have
χ(X ∩ f−1(δ) ∩ Bε, EuX) − χ(X ∩ g
−1(0) ∩ f−1(δ) ∩ Bε, EuX) = (−1)
d−1nq.
If one supposes, in addition, that g is prepolar, a consequence of this result is a
Leˆ-Greuel type formula for the Brasselet number.
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Theorem 1.20. (Theorem 4.4 of [6]) Suppose that X is d-equidimensional and that g is
prepolar with respect to V at the origin. For 0 < |δ|≪ ε≪ 1, we have
Bf,X(0) − Bf,Xg(0) = (−1)
d−1nq,
where nq is the number of stratified Morse critical points on the top stratum Vq∩f
−1(δ)∩
Bε appearing in a Morsefication of g : X ∩ f
−1(δ) ∩ Bε → C.
In [24], the author generalized the last formula to the case where the critical
locus of g, ΣVg, is one-dimensional and that ΣVg∩{f = 0} = {0}.We can decompose
ΣVg into branches bj, ΣVg =
⋃q
α=1 Σg|Vα ∪ {0} = b1 ∪ . . . ∪ br, where bj ⊆ Vα, for
some α ∈ {1, . . . , q}. Let δ be a regular value of f, 0 < |δ|≪ 1, and let us write, for
each j ∈ {1, . . . , r}, f−1(δ)∩bj = {xi1 , . . . , xik(j) } andmf,bj = k(j). Let ε be sufficiently
small such that the local Euler obstruction of X and of Xg are constant on bj∩Bε. In
this case, we denote by EuX(bj) (respectively, EuXg(bj)) the local Euler obstruction
of X (respectively, Xg) at a point of bj ∩ Bε.
Theorem 1.21. Suppose that g is tractable at the origin with respect to V relative to f.
Then, for 0 < |δ|≪ ε≪ 1,
Bf,X(0) − Bf,Xg(0) −
∑r
j=1mf,bj(EuX(bj) − EuXg(bj)) = (−1)
d−1nq,
where nq is the number of stratified Morse critical points of a partial Morsefication of
g : X ∩ f−1(δ) ∩ Bε → C appearing on Xreg ∩ f−1(δ) ∩ {g 6= 0} ∩ Bε.
2. Relations between the Euler obstruction of a Map, of a Function and
the Brasselet number
The notion of local Chern obstruction extends the notion of local Euler obstruc-
tion in the case of collections of germs of 1-forms. More precisely, Ebeling and
Gusein-Zade perform the following construction.
Let (X, 0) ⊂ (Cn, 0) be the germ of a d-equidimensional reduced complex ana-
lytic variety at the origin. Let {ω
(i)
j } be a collection of germs of 1-forms on (C
n, 0)
such that i = 1, . . . , s; j = 1, . . . , d− ki + 1, where the ki are non-negative integers
with
∑s
i=1 ki = d. Let ε > 0 be small enough so that there is a representative X of
the germ (X, 0) and representatives {ω
(i)
j } of the germs of 1-forms inside the ball
Bε(0) ⊂ Cn.
Definition 2.1. For a fixed i, the locus of the subcollection {ω
(i)
j } is the set of points
x ∈ X such that there exists a sequence xn of points from the non-singular part Xreg of
the variety V such that the sequence TxnXreg of the tangent spaces at the points xn has a
limit L (in G(d,n)) and the restrictions of the 1-forms ω
(i)
1 , . . . ,ω
(i)
d−ki+1
to the subspace
L ⊂ TxCn are linearly dependent.
Definition 2.2. A point x ∈ X is called a special point of the collection {ω
(i)
j } if it is in
the intersection of the loci of the subcollections {ω
(i)
j } for each i = 1, . . . , s. The collection
{ω
(i)
j } of 1-forms has an isolated special point at {0} if it has no special point on X in a
punctured neighbourhood of the origin.
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Note that in Definition 2.2, for each fixed i, we require each subcollection {ω
(i)
j }
to be linearly dependent when restricted to the same limit plane. Also note that
if an element of the collection has less than maximal rank at a point, then it is
linearly dependent on all planes passing through the point.
Let {ω
(i)
j } be a collection of germs of 1-forms on (X, 0) with an isolated special
point at the origin. Let ν : X˜→ X be the Nash transformation of the variety X and
T˜ be the Nash bundle. The collection of 1-forms {ω
(i)
j } gives rise to a section Γ(ω)
of the bundle
T˜ =
s⊕
i=1
d−ki+1⊕
j=1
T˜∗i,j,
where T˜∗i,j are copies of the dual Nash bundle T˜
∗ over the Nash transformation X˜.
Let D ⊂ T˜ be the set of pairs (x, {α(i)j })where x ∈ X˜ and the collection of 1-forms
{α
(i)
j } is such that α
(i)
1 , . . . , α
(i)
n−ki+1
are linearly dependent for each i = 1, . . . , s.
Definition 2.3. Let 0 be a special point of the collection {ω
(i)
j }. The local Chern obstruc-
tion ChX,0{ω
(i)
j } of the collection of germs of 1-forms {ω
(i)
j } on (X, 0) at the origin is the
obstruction to extend the section Γ(ω) of the fibre bundle T˜\D→ X˜ from ν−1(X ∩ Sε) to
ν−1(X ∩ Bε).
We can see that we have the correct obstruction dimension as follows. For each
T˜i =
⊕d−ki+1
j=1 T˜
∗
i,j let Di ⊂ T˜i be the set of pairs (x, {α
(i)
j }), where x ∈ X˜ and the
collection {α
(i)
j } is such that α
(i)
1 , . . . , α
(i)
d−ki+1
are linearly dependent. Then, the set
T˜i\Di is a Stiefel manifold, with associated obstruction dimension equal to ki, and
therefore the obstruction dimension for T˜ is
∑s
i=1 ki = d.
The following result is a consequence of [10, Proposition 3.3].
Proposition 2.4. Let (X, 0) ⊂ (Cn, 0) be the germ of a d-equidimensional reduced
complex analytic variety at the origin. Let {ω
(i)
j } be a collection of germs of 1-
forms on (Cn, 0) such that i = 1, . . . , s; j = 1, . . . , d − ki + 1, where the ki are
non-negative integers with
∑s
i=1 ki = d. Let 0 be an isolated special point for
the collection. If ω(i), i = 2, . . . , s, are generic collections of linear forms, then
the number ChX,0{ω
(i)
j } does not depend on the choice of the subcollections ω
(i),
i = 2, . . . , s.
In in [13] Grulha defined a notion of the Euler obstruction of a map, but in his
construction the obstruction depends on a certain cellular decomposition. Some
years latter, in [1] Brasselet, Grulha and Ruas compared the notion of the Euler
obstruction of a map and the Chern number. In that paper they also proved
that the Euler obstruction does not depend on a generic choice in its constuction.
Based on this, we define the Euler obstruction of a map in terms of collection of
forms.
Definition 2.5. Let X be an equidimensional complex variety of dimension d, f : (X, 0)→
Cp, a holomorphic map, with 0 ≤ p ≤ d and ω1 = {df1, df2, ..., dfp}, with dfi the
THE GEOMETRICAL INFORMATION ENCODED BY THE EULER OBSTRUCTION OF A MAP 9
diferential of the coordinate functions of f, and ω2 a generic colection, in such way that
0 is a special point of the collection of colections ω = {ω1,ω2}. We define the Euler
obstruction of the map f at the origin, denoted by Eu∗X,f(0) = ChX,0{ω
(i)
j }.
3. The Euler obstruction of a map and Morse critical points
Consider a map-germ f : (X, 0) → (C2, 0), f(x) = (f1(x), f2(x)), given as the
restriction of a holomorphic map F : (U, 0) → (C2, 0), F(x) = (F1(x), F2(x)), where
X ⊂ U ⊂ Cn has dimension d > 2. We aim compare the local Euler obstruction of
the map f and the Brasselet number of its coordinate functions.
Let V be a good stratification of X relative to f2, which always exists (see
[19]). Consider the collection {ω(1),ω(2)} of 1-forms, where {ω(1)} = {df1, df2}
and {ω(2)} = {l1, . . . , ld} is a generic collection of linear forms [9]. Notice that, by
[1], Eu∗f,X(0) = ChX,0{ω
(i)
j }. Hence, the number ChX,0{ω
(i)
j } depends only on the
map-germ f.
From now on, we assume that the collection {ω(1),ω(2)} of 1-forms has an iso-
lated special point at the origin.
Lemma 3.1. The Euler obstruction Eu∗
f,X∩f−1
2
(δ)
(0) of f at the origin is equal the number
of Morse critical points of a Morsefication of f1|Xreg∩f−12 (δ)
appearing in Xreg ∩ f
−1
2 (δ), for
0 < |δ|≪ ε≪ 1.
Proof. Let p be a nondegenerateMorse critical point of a perturbation f1|Xreg∩f−12 (δ)
+
tL of f1|Xreg∩f−12 (δ)
, where L is a generic linear form and 0 < |t| ≪ ε. Then
dpf1|TpXreg∩f−12 (δ)
+ tL(p) = 0, which implies that p is in the locus of a generic
perturbation of {df1|TpXreg∩f−12 (δ)
, df2|TpXreg∩f−12 (δ)
}. Since ChX∩f−1
2
(δ),0{ω
(i)
j } does not
depend on the (generic) choice of the subcollection ω(2), p is counted by this
Chern obstruction.
Conversely, let p ∈ Xreg ∩ f
−1
2 (δ) be a nondegenerated special point of a small
perturbation {ω
(i)
j + tl
(i)
j } of {ω
(i)
j }, where 0 < |t| ≪ ε and l
(i)
j are generic linear
forms. Then {df1|TpXreg∩f−12 (δ)
+ tl
(1)
1 , df2|TpXreg∩f−12 (δ)
+ tl
(1)
2 } is linearly dependent.
Hence, there exist λ1, λ2 ∈ C such that
df2|TpXreg∩f−12 (δ)
=
λ1
λ2
df1|TpXreg∩f−12 (δ)
+
tλ1
λ2
l
(1)
1 − tl
(1)
2
= λdf1|TpXreg∩f−12 (δ)
+ tl,
where l is the linear form λ1
λ2
l
(1)
1 − l
(1)
2 . This implies that p is a critical point of
f1|Xreg∩f−12 (δ)
+ tl, where 0 < |δ| ≪ ε. Therefore, p is a nondegenerated critical
point of a perturbation of f1|Xreg∩f−12 (δ)
(see Theorem 3.2 of [19]).
Since the class of perturbations of the collection of forms {ω
(i)
j } and of the func-
tion f1|Xreg∩f−12 (δ)
is the same, we conclude that ChX∩f−12 (δ),0
{ω
(i)
j } is equal the num-
ber nreg of Morse critical points of a Morsefication of f1|Xreg∩f−12 (δ)
appearing in
Xreg ∩ f
−1
2 (δ). 
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Proposition 3.2. If f1 is prepolar at the origin with respect to the good stratification V of
X relative to f2, then Eu
∗
f,X∩f−1
2
(δ)
(0) = (−1)d−1(Bf2,X(0) − Bf2,X∩f−11 (0)
(0)).
Proof. If f1 is prepolar at the origin with respect to V, f1 is tractable at the origin
with respect to V. Hence, applying Lemma 3.1 and Theorem 1.20, we obtain
Eu∗
f,X∩f−1
2
(δ)
(0) = nreg = (−1)
d−1(Bf2,X(0) − Bf2,X∩f−11 (0)
(0)), (3.1)
where nreg is the number of Morse critical points of a Morsefication of f1|Xreg∩f−12 (δ)
appearing in Xreg ∩ f
−1
2 (δ). 
A consequence of the last result is a relation between the Euler obstruction of a
map and the Euler obstruction of a function.
Corollary 3.3. Suppose that f2 has an isolated singularity at the origin. If f1 is pre-
polar at the origin with respect to the good stratification V of X induced by f2, then
Eu∗
f,X∩f−12 (δ)
(0) = (−1)d−1(Euf2,X∩f−11 (0)
(0) − Euf2,X(0)).
Proof. If f2 has an isolated singularity at the origin, then Bf2,X(0) = EuX(0) −
Euf2,X(0) and Bf2,X∩f−11 (0)
(0) = EuX∩f−1
1
(0)(0) − Euf2,X∩f−11 (0)
(0). Since f1 is prepolar
at the origin with respect to V, EuX∩f−11 (0)
(0) = EuX(0). Hence
Bf2,X∩f−11 (0)
(0) − Bf2,X(0) = EuX∩f−1
1
(0)(0) − Euf2,X∩f−11 (0)
(0)
− EuX(0) + Euf2,X(0)
= Euf2,X(0) − Euf2,X∩f−11 (0)
(0).

In the last result of this section, we apply formulas of [24] to compare the
Brasselet number and the Euler obstruction of a map.
Proposition 3.4. If f1 is tractable at the origin with respect to the good stratification V
of X relative to f2, dim0 ΣVf1 = 1 and ΣVf1 ∩ {f2 = 0} = {0},
Bf2,X(0) =
∑
α
χ(Vα ∩ f
−1(z0) ∩ Bε)EuX(Vα) + (−1)
d−1Eu∗
f,X∩f−12 (δ)
(0).
Proof. Let z0 = (α, δ) ∈ C2, 0 < |z0| ≪ ε ≪ 1, be a regular value of f. Following
[24], since f1 is tractable at the origin with respect to V,
∑
α
χ(Vα ∩ f
−1(z0) ∩ Bε)EuX(Vα) = Bf2,Xf1 (0) −
r∑
j=1
mf,bj(EuXf1 (bj) − EuX(bj)).
Also, by Theorem 3.2 of [24],
Bf2,Xf1 (0) = Bf2,X(0) +
r∑
j=1
mf,bj(EuXf1 (bj) − EuX(bj)) − (−1)
d−1nreg,
where nreg denotes the number of stratified Morse critical points of a partial
Morsefication of f1|X∩f−1
2
(δ) appearing in Xreg ∩ f
−1
2 (δ).
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Hence,
Bf2,X(0) =
∑
α
χ(Vα ∩ f
−1(z0) ∩ Bε)EuX(Vα) + (−1)
d−1nreg.
Using Lemma 3.1, we obtain the formula. 
4. Applications
4.1. Leˆ-Iomdine formula for the Euler obstruction of a map. Let f be a function
with a one-dimensional critical set defined over an open subset of Cn and l a
generic linear form on Cn. In [15], Iomdin gave an algebraic relation between
the Euler characteristic of the Milnor fibre of f and the Euler characteristic of the
Milnor fibre of f+ lN, where N is sufficiently large non-negative integer number.
In [16], Leˆ proved this same relation in a more geometrical approach and with a
way to obtain the Milnor fibre of f by attaching a certain number of n-cells to the
Milnor fibre of f|{l=0}.
In [18], Massey worked with a function fwith critical locus of higher dimension
defined over a nonsingular space and defined the Leˆ numbers and cycles, which
provides a way to numerically describe the Milnor fibre of this function with
nonisolated singularity. In that work, Massey presented a relation between the
Leˆ numbers of f and f + lN, obtaining a Leˆ-Iomdin type formula between these
numbers.
We keep the previous hypothesis about f1 and we suppose, in addition, that f2
has an isolated singularity at the origin. Consider the perturbation f˜1 = f1 + f
N
2
of f1, where N >> 1 is an integer. In [23], the author proved that, if N >> 1 is
sufficiently large and δ is a regular value of f2, the number nreg of Morse critical
points of a stratified Morsefication of f1|X∩f−12 (δ)
appearing on Xreg∩f
−1
2 (δ)∩Bε and
the number n˜reg of Morse critical points of a stratified Morsefication of f˜1|X∩f−1
2
(δ)
appearing on Xreg ∩ f
−1
2 (δ) ∩ Bε can be compared with the equation
n˜reg = nreg + (−1)
d−1
r∑
i=1
mf2,bjEuf1,X∩f−12 (δ)
(bj). (4.1)
In that paper, it was also proved that the number mreg of Morse critical points
of a stratified Morsefication of f2|X∩f−1
1
(α) appearing on Xreg ∩ f
−1
1 (α) ∩ Bε and the
number m˜reg of Morse critical points of a stratified Morsefication of f2|
X∩f˜1
−1
(α′)
appearing on Xreg ∩ f˜1
−1
(α′) ∩ Bε can be compared with the equation
m˜reg = mreg + (−1)
d−1N
r∑
i=1
mf2,bjEuf2,X∩f˜1
−1
(α′)
(bj), (4.2)
where 0 < |α|, |α′ | ≪ |δ| ≪ ε ≪ 1, α is a regular value of f1 and α
′ is a regular
value of f˜1. Applying these formulas and the results proved in the last section, we
obtain a Leˆ-Iomdine type formula for the Euler obstruction of a map. We aim to
compare the Euler obstruction of the map f = (f1, f2) with the Euler obstruction
of a perturbation f˜ = (f˜1, f2).
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Corollary 4.1. For a sufficiently large integer number N >> 1, if f1 is tractable at the
origin with respect to V, then
Eu∗
f˜,X∩f−1
2
(δ)
(0) = Eu∗
f,X∩f−12 (δ)
(0) + (−1)d−1
r∑
i=1
mf2,bjEuf1,X∩f−12 (δ)
(bj).
Proof. Using Lemma 3.1, Eu∗
f˜,X∩f−1
2
(δ)
(0) = n˜reg and Eu
∗
f,X∩f−1
2
(δ)
(0) = nreg. Apply-
ing these equalities to Equation 4.1, we obtain the equality claimed. 
We can also compare the Euler obstruction of the map g = (f2, f1) with the
Euler obstruction of a perturbation g˜ = (f2, f˜1).
Corollary 4.2. For a sufficiently large integer number N >> 1, if f1 is tractable at the
origin with respect to V, then
Eu∗
g˜,X∩f˜1
−1
(α)
(0) = Eu∗
g,X∩f−11 (α)
(0) +N(−1)d−1
r∑
i=1
mf2,bjEuf2,X∩f˜1
−1
(α)
(bj),
where 0 < |α|≪ ε≪ 1.
Proof. By Lemma 3.1, Eu∗
g˜,X∩f˜1
−1
(α′)
(0) = m˜reg and Eu
∗
g,X∩f1
−1(α)
(0) = mreg. Ap-
plying these equalities to Equation 4.2, we obtain the equality claimed. 
4.2. Euler obstruction of a map, Chern obstruction and number of cusps. Ap-
plying results of [20], we present in this section an application that general-
izes Proposition 3.2 of [1], computing the number of cusps of a stabilization
fs : Xs → C2. We also present the relation of the multiplicity of the singular
set of the application and the Euler obstruction of a map as follow.
Proposition 4.3. Let f : (X, 0) → (C2, 0), f(x) = (f1(x), f2(x)), be a holomorphic map-
germe. Consider the collection {ω(1),ω(2)} of 1-forms on Cn, where {ω(1)} = {df1, df2}
and {ω(2)} = {l1, . . . , ld} are generic. Assume that the collection {ω
(1),ω(2)} of 1-forms
has an isolated special point at the origin. Then,
Eu∗f,X(0) = # Σ(f˜) ∩H,
where Σ(f˜) is the singular set of a generic perturbation of f and H is a ℓ-plane in Cn in
general position with Σ(f˜) and ℓ is the codimension of Σ(f˜).
Proof. By Corollary 1 and Proposition 2 of [10] and by the relation between Chern
number and the Euler obstruction of a map [1], we have
Eu∗f,X(0) = ChX,0{ω
(i)
j }
= #{special points of {ω˜
(i)
j } on Xreg}
= # locus{df˜1, df˜2} ∩ locus{l1, . . . , ld}
= Σ(f˜|Xreg) ∩H
= Σ(f˜) ∩H.

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In the next result, we consider IndX,0{ω
(i)
j } the GSV-index for collections of 1-
forms defined by Ebeling and Gusein-Zade [8], which is a generalization of the
GSV-index defined in [12].
Definition 4.4. Let f : (X, 0) → (C2, 0) be an A-finite holomorphic map-germ, where
(X, 0) ⊂ (Cn, 0) is a 2-dimension ICIS. Given F : (X , 0) → (C × C2, 0), F(s, x) =
(s, fs(x)), a stabilisation of f, we consider a small representative F : X → D× Bε, where
D is an open neighbourhood of 0 in C and Bε is a ball of radius ε in C2. We define by
c(fs) the number of cusps of fs : Xs → Bε, for s ∈ D \ {0}.
In [20] the authors show that the number of cusps c(fs) is independent of s ∈
D \ {0} and of the stabilisation F .
Proposition 4.5. Let f : (X, 0)→ (C2, 0), f(x) = (f1(x), f2(x)), be an A-finite holomor-
phic map-germ, where (X, 0) ⊂ (Cn, 0) is a 2-dimension ICIS. Consider the collection
{ω
(i)
j } = {ω
(1),ω(2)} of 1-forms on (Cn, 0), with an isolated special point at the origin,
given by ω(1) = {df1, df2} and {ω
(2)} = {df1, d∆}, where ∆ is the determinant of the
jacobian matrix of f. Then
ChX,0{ω
(i)
j } = c(fs) − IndX,0{ℓ
(i)
j },
where c(fs) is the number of cusps of a stable deformation fs in a stabilisation of f and
{ℓ
(i)
j } is a generic collection of linear functions on C
n.
Proof. Let us consider a stabilisation of f as in Definition 3.2 of [20]. We denote
by Xs a smoothing of (X, 0) and by fs : Xs → C2 a small representative of a stable
map in the stabilisation. By Corollary 3 of [10], for a generic collection {ℓ
(i)
j } of
linear functions on Cn, we have that
ChX,0{ω
(i)
j } = IndX,0{ω
(i)
j }− IndX,0{ℓ
(i)
j }.
Following [8], IndX,0{ω
(i)
j } is equal to the sum of the indices of the singular points
q1. . . . , ql of {ω
(i)
j } on the smoothing Xs of X in a neighbourhood of the origin.
Since the local Chern obstruction coincides with the index on a smooth manifold
and fs : Xs → C2 is stable, thus finitely determined, it follows from [1, Proposition
3.2] that
IndX,0{ω
(i)
j } =
l∑
i=1
IndXs,qi{ω
(i)
j }
=
l∑
i=1
ChXs,qi{ω
(i)
j }
=
l∑
i=1
ci(fs)
= c(fs),
where ci is the number os cusps of fs close to qi. 
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